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Abstract
A main challenge in numerical simulations of moving contact line problems
is that the adherence, or no-slip boundary condition leads to a non-integrable
stress singularity at the contact line. In this report we perform the first steps
in developing the macroscopic part of an accurate multiscale model for a mov-
ing contact line problem in two space dimensions. We assume that a micro
model has been used to determine a relation between the contact angle and
the contact line velocity. An intermediate region is introduced where an ana-
lytical expression for the velocity exists. This expression is used to implement
boundary conditions for the moving contact line at a macroscopic scale, along a
fictitious boundary located a small distance away from the physical boundary.
Model problems where the shape of the interface is constant thought the
simulation are introduced. For these problems, experiments show that the
errors in the resulting contact line velocities converge with the grid size h at a
rate of convergence p ≈ 2.
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2
1 Introduction
Flow problems involving two immiscible incompressible fluids that are in contact with
a solid are called moving contact line problems. The contact line is formed where the
interface between the two fluids meets the solid wall. Figure 1 depicts a schematic
illustration of a contact line problem in two space dimensions, where the contact line
is reduced to a contact point. In capillary and wetting flows it is the dynamics of the
moving contact line that drive the flow. In such cases the physical effects that occur
at the contact line are important for the overall behavior of the system [1]. Examples
of these phenomena are when a droplet is spreading on a solid surface or a liquid is
rising in a narrow tube. Moving contact line problems form an important class of
two-phase flows and appear both in nature and in many industrial applications [1].
Industrial applications where the contact line behavior is important include coating
processes, lubrication, inkjet printing, biological flows and micro fluidics such as
micropumps and so called lab-on-a-chip devices [2–8]. A lab-on-a-chip devices can
be used to directly diagnose a patient for different diseases by analyzing one single
drop of blood, instead of sending a blood sample to a laboratory [9].
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Figure 1: Schematic illustration of a moving contact line problem in two space dimensions.
The moving contact line problem has been a subject of debate for many years.
The physics governing the dynamics of moving contact lines is still not completely
understood [1, 4, 10]. The conventional hydrodynamic theory combined with a no-
slip boundary condition leads to a non-integrable stress singularity at the contact
line [10, 11]. In fact, molecular dynamics simulations show that there is some sort
of fluid-wall slip in the region close to the contact line [12, 13]. When performing
numerical simulations of a moving contact line problem, the macroscale flow is usually
the main interest. In these simulations it is too computationally demanding to
resolve the problem to the microscopic scales. The singularity in the model can
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instead be avoided by allowing the contact line to slip [14]. A common approach
is to use a so-called Navier condition with a related slip length parameter [15, 16].
When the dynamics of the moving contact line is driving the flow only introducing
slip is not enough. The effects of the microscopic dynamics of the contact line
on the macroscopic flow need to be accounted for. These effects can be modeled
by introducing additional conditions in the vicinity of the contact line [1]. Such
conditions could for example relate the contact line velocity U to the contact angle
φ [1]
U = f(φ). (1)
These relations are usually derived with the help of microscale simulations, such as
molecular dynamics simulations [17,18] or simulations where the phenomenologically
based phase-field model is used [19].
Implementing slip conditions and relations on the form (1) in an accurate way
is not straight-forward. To impose slip conditions in the vicinity of the contact line
different regularization techniques exist and ad-hoc procedures are common. One
approach is to set the velocity in the proximity of the contact line to the given
velocity from relation (1) and then let it smoothly approach the wall velocity as the
distance to the contact line increases [16,20]. Another approach is to use the Navier
slip condition with a slip length parameter that is high at the contact line but reduced
to zero over the next three grid points [19]. Further, to implement a contact model it
is common to manipulate the representation of the interface, or the curvature of the
interface, in order to follow a given contact line velocity [2,21–23]. These procedures
include using Dirichlet boundary conditions on equations describing the interface
or fitting the interface so that is takes a given curvature [19]. Due to the ad-hoc
regularization techniques to implement velocity boundary conditions, and/or due to
the manipulation of the interface, common problems with contact line models are
inaccuracies and grid effects [15,24].
In this paper we perform the first steps in constructing a higher order accurate
contact line model in two space dimensions based on multiscale modeling. Here,
we focus on the macroscopic part of the model. It is assume that a micro model
has been used to determine a relation between the contact angle and the contact
point velocity as in (1). We focus on accurately imposing this given contact point
velocity (from the micro model) at the macroscopic scale. The choice of micro model
is general (as long as it relates the contact point velocity to the contact angle).
Our macroscopic model is based on introducing an intermediate scale to the
problem, in a region in the vicinity of the contact point. In this region the continuum
mechanics is assumed to be valid, however the following two assumptions are made:
1. The interface is essentially flat. (This is not the case if zooming in to the
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microscopic level where viscous bending effects are active [25]. If zooming in
even further molecular phenomena also have an effect on the interface shape.)
2. The viscous effects dominate the convective and therefore the creeping flow
approximation of the Navier–Stokes equations is valid.
With these assumptions the hydrodynamic model presented in [10] is valid. The
model presented in [10] consists of an analytical expression for the velocity close to
a contact point. This expression is here used to implement boundary conditions for
the moving contact point along a fictitious boundary located a small distance away
from the physical boundary.
To model the two-phase flow dynamics we use the Navier–Stokes equations cou-
pled to the Level set method for keeping track of the fluid interface. As a part of the
level set method a reinitialization step is usually required, see Section 2.2. However,
we let the implementation of an accurate reinitialization be part of the future work.
Here, in the first stage of developing an accurate model we restrict ourself to study
the movement of an interface that has a constant shape, and where no reinitialization
is needed.
Section 2 presents the equations used to model the two-phase flow dynamics.
Section 3 describes the first steps in constructing the accurate macroscopic contact
point model. Further, in Section 4 the discretization and implementation of the
two-phase models are outlined and numerical experiments are presented in Section
5. Finally, a summary and conclusions, including future work, are given in Section
6.
2 Two Phase Flow Model
2.1 Navier–Stokes Equations
The motion of the two immiscible fluids is given by the incompressible Navier–Stokes
equations for velocity u and pressure p in non-dimensional form,
ρ
∂u
∂t
+ ρu · ∇u = −∇p+ 1Re∇ · (2µ∇
su) + Fst,
∇ · u = 0.
(2)
Here, Fst is the surface tension force at the fluid interface and Re denotes the
Reynolds number, which controls the magnitude of viscous stresses. Further, ∇su =
5
1
2(∇u + ∇uT ) denotes the rate of deformation tensor and the parameters ρ and µ
denote the density and viscosity measured relative to the parameters of fluid 1,
ρ =
{
1 in fluid 1,
ρ2
ρ1
in fluid 2, µ =
{
1 in fluid 1,
µ2
µ1
in fluid 2.
2.2 The Level Set Method
The standard level set method [26] is used to keep track of the fluid interface and the
moving contact line. The level set function φ(x, t) is a signed distance function and
the fluid interface Γ is given by the zero level set of φ. The subdomain Ω1 occupied
by fluid 1 is given by φ > 0 and the subdomain Ω2 occupied by fluid 2 is given by
φ < 0.
The level set function is advected in time by the fluid velocity according to the
following Hamilton–Jacobi equation
∂φ
∂t
+ u · ∇φ = 0. (3)
After advecting the fluid interface, the surface tension force Fst is calculated,
Fst =
1
WeκnδΓ, (4)
where We is the Weber number and δΓ is a Dirac delta function with support on
Γ. The normal and curvature of the interface can be computed using the level set
function,
n = ∇φ|∇φ|
κ = −∇ · n.
Over time the level set function will loose its signed distance property due to dis-
cretization errors and non-uniform velocity fields. To smooth the level set function
and prevent the formation of large gradients, φ has to be reinitialized with a regular
interval. The standard way of doing this is to solve the following equations to steady
state
∂φ
∂τ
= −sign(φ0)(|∇φ| − 1), (5)
where φ0 is the level-set function before reinitialization and τ is a pseudo time step.
In simulations, a regularized sign-function that smoothly changes sign from +1 in
the first fluid to −1 in the second is often used.
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Performing the reinitialization in (5) does not guarantee preservation of the in-
terface position, and thus the contact point position. Further, unphysical volume
changes in the fluid phases may occur. To prevent volume changes the conservative
level set method was developed in [27]. However, when deriving this method contact
lines were not taken into account. When applying the conservative level set method
to a problem where the interface intersects the wall, we found that the computa-
tion of the curvature of the fluid interface was not accurate close to the contact
line. Therefore, as a first simple study case in developing an accurate contact line
model, a steady interface shape is assumed throughout the whole simulation time.
In each time step the contact line position is evaluated, and the level set function is
then reinitialized by re-interpolation to take the form of a signed distance function
depending on the contact line position, see Section 3 for details.
3 Contact Line Boundary Conditions
In this report we develop the macroscopic part of a multiscale model for a moving
contact line problem in two space dimensions. To model the microscopic effects of the
contact line on the macroscopic level, we assume there is a relation that gives the slip
velocity at the contact line U as a function of the wall contact angle φ (relation (1)).
The wall contact angle φ is the angle between the interface and the wall in the macro
model, see Figure 2. This approach requires both a spatial and temporal scale
separation between the local contact line behavior and global fluid flow [19]. When
the dynamics of the moving contact line is driving the flow, the assumption that the
flow on the microscopic scale is reacting much faster than the flow on the macroscale
is justified. This temporal scale separation implies that the microscopic dynamics
is in equilibrium for each wall contact angle at the macroscopic scale. Therefore no
additional information from the macro model is required. These kind of relations
between the contact line velocity and wall contact angle can be derived using micro
models. Examples of such micro models are molecular dynamics simulation [17,18] or
phase field simulation [19]. The slip velocity at the contact line U obtained from the
microscopic relation is here used to determine velocity boundary conditions in the
macroscopic model. To derive these boundary conditions an intermediate model in
a region close to the contact line is introduced. In Figure 2 a schematic illustration
of the different scales is given.
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Figure 2: Schematic illustration of the different scales in the multiscale moving contact
line model.
3.1 Creeping Flow in the Intermediate Region
To derive the macroscopic boundary conditions an intermediate region of length
scale L is introduced; the red region in the schematic illustration in Figure 2. This
region is still assumed to be in the continuum region. However, at this length scale
the viscous effects are assumed to dominate the convective, i.e. the Reynolds number
Re = ρUL
µ
 1. Under these conditions the creeping flow approximation of Navier–
Stokes equations is valid. As illustrated in Figure 2, at this length scale the fluid
interface could be assumed to have a flat shape. This assumption is not valid if
you zoom in closer to the contact line, to a microscopic view. There viscous forces
become very large and strongly bend the interface [25]. Additionally, even closer
to the contact line molecular phenomena such as diffusive mass transport affect the
interface shape.
Under the assumptions of a creeping flow approximation and a flat fluid interface
shape, there exists an analytical expression for the fluid velocity field in the inter-
mediate region. The analytical model was derived in [10] by rewriting the creeping
flow approximation of Navier–Stokes equations in the form of a biharmonic equation
for the stream function ψ(r, θ) in plane polar coordinates r and θ. The origin of the
polar coordinate system is fixed to the contact line position. In terms of the stream
function the polar velocity components are vr = −r−1 ∂ψ∂θ and vθ = ∂ψ∂r . By impos-
ing appropriate boundary and interface conditions an analytical expression for the
stream function in the region close to the contact line can be derived. The analytical
expression depends on the wall contact angle 0 < φ < 180, the contact line velocity
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U and the viscosity ratio Q and is given by
ψ(r,θ) = r(a sin θ + b cos θ + cθ sin θ + dθ cos θ), (6)
where the coefficients a, b, c and d for the two different fluids, denoted by 1 and 2
below, are given by
a1 = −U − pic1 − d1 (7)
b1 = −pid1 (8)
c1 = US2[S2 − γφ+Q(φ2 − S2)]/D (9)
d1 = USC[S2 − γφ+Q(φ2 − S2)− pi tanφ]/D (10)
a2 = −U − d2 (11)
b2 = 0 (12)
c2 = US2[S2 − γ2 +Q(δφ− S2)]/D (13)
d2 = USC[S2 − γ2 +Q(δφ− S2)−Qpi tanφ]/D, (14)
where
S = sin θ
C = cos θ
γ = φ− pi
Q = µA/µB
D = (SC − φ)(γ2 − S2) +Q(δ − SC)(φ2 − S2).
The resulting analytical velocity field constitutes a similarity solution since it is
independent of the distance to the contact line r. As mentioned above, the analyt-
ical model is not valid in the immediate neighborhood of the contact line, at the
microscopic length scales. In fact the analytical velocity field is discontinuous at the
contact line and shear stresses, pressure, and viscous dissipation rate increase with-
out bound as the contact line is approached. Nevertheless, the model can be used
do describe the dynamics in the intermediate region: “the model may approximate
reality well in a slightly removed region where the fluid interface is substantially flat
and the flow qualifies as creeping”, [10].
In Figure 3 the magnitude of the analytical velocity in the intermediate region
(the red box in Figure 2) is plotted for the case with a contact angle φ = 45, contact
velocity U = 1 and viscosity ratio Q = 1. In Figure 4 the magnitude of the velocity
along the three lines y = 0, y = 10−10 and y = 10−2 from the domain in Figure 3
are plotted. It can be seen that the velocity is zero along the whole solid boundary,
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i.e. along the whole line y = 0, also at the contact line. However, the second plot in
Figure 4 depicts that just inside the boundary the velocity is non-zero in the vicinity
of the contact point. This illustrates the velocity discontinuity at the contact point.
The further away from the wall, the wider is the peak in the velocity at the contact
point along a line y = δ, see the third plot in Figure 4 for example. More precisely,
since the analytical velocity field constitutes a similarity solution, the width of the
peak increase linearly with increasing δ.
Figure 3: The analytical velocity field in the intermediate region for φ = 45, U = 1 and
Q = 1.
3.2 Velocity Boundary Conditions
The analytical model in the intermediate region described above, is here used to
develop a velocity boundary condition for the macroscopic simulation. To avoid the
singularity at the contact point in the analytical model, parts of the intermediate
region will not be included in the macroscopic simulation. Consequently, a compu-
tational domain that is 2δ smaller in the direction perpendicular to the solid wall
will be used, see Figure 5. Along the new fictitious boundary, which is δ inside the
physical boundary, we impose the analytical velocity from the intermediate model as
10
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Figure 4: The analytical velocity field in the intermediate region in Figure 3 evaluated
along three lines y = 0, y = 10−10 and y = 10−2.
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a Dirichlet boundary condition for the velocity in the macroscopic model. If we use
the domain in Figure 5 with δ = 0.1 for example, the velocity function in Figure 6
is used along the fictitious boundary. The information about the slip contact point
velocity U from the microscopic model, i.e. the information about the movement of
one single point, is transformed into a velocity boundary condition along the whole
(fictitious) boundary.
Zero Contour of Level Set Function
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Figure 5: Modified domain.
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Figure 6: Velocity Dirichlet boundary condition derived from the analytical intermediate
model.
3.2.1 Choosing δ and Spatial Grid Size h
When implementing the velocity boundary condition described above, care has to be
taken when choosing the value of δ. The creeping flow approximation is valid in a
region with length scale L (intermediate region) and δ < L is required. However, the
smaller δ the sharper is the peak in the boundary velocity function at the contact
point (Figure 4). Therefore, when discretizing in space the grid must sufficiently
resolve the features of the boundary function. To investigate what grid size h is suf-
ficient for a certain δ, it is instructive to plot the resulting velocity function together
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with the corresponding discrete version of the boundary function. In Figure 7 for
example the resulting velocity boundary function for δ = 0.05 and contact angle
φ = 90, contact point velocity U = 1 and viscosity ratio Q = 1 is plotted together
with corresponding discrete versions where h = 1/12 and h = 1/24. There it can
be seen that only the smaller grid size will be able to capture details of the peak in
the boundary function. Since the width of the peak in the velocity function depends
linearly on δ one knows how much the grid needs to be refined when decreasing δ,
assuming the limit of the grid size for a certain δ is known.
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Figure 7: Velocity boundary function and corresponding values at grid point for h = 1/12
and h = 1/24 (φ = 90, U = 1, Q = 1).
3.3 Interface Boundary Conditions
Forcing the interface to move according to the contact point velocity using Dirich-
let boundary conditions might lead to incompatibility of the contact line location
between the velocity field and the interface representation via the level set method.
Further, advecting the contact point explicitly using Dirichlet boundary conditions
for the level set function might effect the mass conservation. Since the velocity
boundary condition developed in previous subsection depends on the contact point
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velocity U (given from the micro model), the interface close to the contact point
should automatically be advected with that given velocity. Thus, there is no need
for explicitly moving the interface using additional Dirichlet boundary conditions.
Along the wall we simply use homogenous Neumann boundary conditions for the
level set function. Possible oscillations in the level set function due to inflowing
characteristics is smoothed during the reinitialization.
4 Discretization and Implementation
For the implementation we use the existing two-phase flow solver described in [28]
with suitable modifications to account for moving contact lines. The conservative
level set method implemented in [28] is also changed to the standard level set method
(described in Section 2.2). Additionally, the order in which the equations are solved
in each time step is changed so that the Navier–Stokes equations are solved before
the interface is advected (and not the other way around as in [28]). The solver is
implemented in the C++ based Finite Element open source library deal.ii [29, 30].
The equations in Section 2 are discretized in space using the Finite Element Method.
For the level set function piecwise continuous linear shape functions on quadrilaterals,
i.e. Q1 elements, are used. For the incompressible Navier–Stokes equations we use the
Taylor–Hood elements Q2Q1, i.e., shape functions of degree two for each component
of the velocity and of degree one for the pressure. With these elements the Babusˆka–
Brezzi (inf–sup) condition [31] is fulfilled in order to guarantee the existence of a
solution. Finite element discretizations of equations of transport type, such as the
level set equation, typically need to be stabilized. Here however, no stabilization
is used since the reinitialization will take care of possible oscillations. Dirichlet
boundary conditions are imposed strongly.
For time stepping, each of the level set equation and Navier–Stokes equations
are discretized using the second order accurate, implicit BDF–2 scheme. In order to
avoid an expensive coupling between the incompressible Navier–Stokes part and the
level set part (via the variables u and φ) a temporal splitting scheme is introduced.
In order to maintain second oder accuracy in time, at each time step n an estimate
of the level set function is extrapolated from the values at time steps n−1 and n−2.
This estimate is used to evaluate an approximation of the surface tension force. With
this surface tension force, the BDF-2 time step for the Navier–Stokes equations is
then performed. Finally, the level set function is propagated in time, according to the
velocity un obtained from the Navier–Stokes step, again using the BDF-2 method.
The splitting between the level set and Navier–Stokes parts corresponds to an explicit
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treatment of surface tension, which gives rise to a time step limit
∆t ≤ c1 WeRe h+
√√√√(c1 WeRe h
)2
+ c2Weh3, (15)
where c1 and c2 are constants that do not depend on the mesh size h or the material
parameters. For more details about the time discritization see [28].
After time discretization and linearization of the Navier–Stokes equations using
the implicit Newton method, linear systems need to be solved. For the level set
equation, a BiCGStab solver [32] is used due to non-symmetry. The resulting system
after discretization of the Navier–Stokes equations is of saddle point structure and
solved by an iterative GMRES solver [32]. For preconditioning, a block-triangular
operator constructed using the so called Schur complement of the block system is
applied from the right [33]. Most of the iterative solvers spend the bulk of the
computing time in matrix-vector products. Therefore, the fast matrix-free methods
from [34,35] based on cellwise integration are used for matrix-vector products. This
enables matrix-free matrix-vector products that are up to an order of magnitude
faster on Q2 elements. For more details about the linear solvers and matrix-free
methods used, we again refer to [28].
5 Numerical Experiments
To investigate the moving contact line boundary condition developed in Section 3
we use three test problems. All test problems are performed on a two dimensional
channel with a length of 10 and a hight of 2, and the initial contact point position at
x = −0.5. Further, in all simulations both fluids are assumed to have viscosity µ =
0.7 and density ρ = 1. We start with a very simple set up in the first test problem,
and proceed by adding more complexities into the two preceding test problems. At
the stage of this report we do not use a specific relation between the contact angle
and velocity from a specific micro model, instead we construct hypothetical examples
for the relation between the contact point velocity U and wall contact angle φ.
For all problems the gradient of the level set function, ∇φ, gets distorted at
the interface close to the contact point if no reinitialization is used. If very steep
or very flat gradients are formed, the evaluation of the zero contour, the normal
vectors, and the curvature accuracy becomes an issue. However, as mentioned in
Section 2.2 performing the standard reinitialization in (5) will modify the contact
point position. Therefore, as a first simple study case to validate the contact line
boundary conditions derived in last section, a steady interface shape is assumed
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throughout the whole simulation and “reinitialization” is performed in the end of
each time step according to the following steps:
1. The contact point position is evaluated by cubic interpolation using the level
set function values at the two degrees of freedoms closest to the contact point
in each direction along the wall.
2. The level set function values in the whole domain are redefined to represent
a distance function according to the constant interface shape (what shape de-
pends on the problem set up) with contact point position according to the
calculated position in the previous step.
We are interested in investigating the ability of the contact line boundary condi-
tions to accurately advect the contact point according to the velocity U obtained from
the micro model. Therefore, it is important that the evaluation of the contact point
position in the first step presented above is accurate, why a cubic interpolation is
used. However, the procedure to modify the interface to take a fixed form introduces
an error, in the end of each time step, that does not depend on the time step size ∆t.
To investigate spatial grid convergence the time step is therefore fixed to ∆t = 0.01
for all simulations. The spatial grid sizes used are h = 1/24,1/32,1/40,1/48,1/56 and
with the value of ∆t = 0.01, the spatial discretization error is assumed to dominate
the temporal error (for all spatial grid sizes).
5.1 Flat Fluid Interface with Creeping Flow Velocity Field
The first test problem consists of simple advection of a flat interface using a given
velocity field (i.e. the Navier–Stokes part is not solved for). The given velocity field is
the analytical velocity field from the creeping flow approximation in the intermediate
model described in Section 3.1. The wall contact angle of the flat interface is taken
to be φ = 135 and we hypothetically relate this angle to a contact point velocity of
U = 0.02. As explained in Section 3.2.1, when choosing δ we need to make sure
δ < L where L is the characteristic length scale of the intermediate region close to
the contact line where the creeping flow approximation is valid. For the creeping
flow to be valid we need Re = ρUL
µ
 1 or L  µ
ρU
which for this model problems
implies the following condition on the distance to the physical boundary: δ < L 35
and we use δ = 0.05. Figure 8 shows the resulting velocity boundary function (see
Section 3.2). Further, Figure 9 illustrates the initial configuration of the first test
problem.
Using the procedure described in Section 3.2.1, we find an upper limit of the
spatial grid size h of 1/24. Thus, we perform simulations using the different grid
16
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Figure 8: Velocity boundary function at δ = 0.05 for the first test problem: φ = 135,
U = 0.02, Q = 1.
Figure 9: Initial configuration of the first test problem: φ = 135, U = 0.02, Q = 1. The
black line represents the zero level set of the level set function, i.e. the fluid interface.
sizes h = 1/24,1/32,1/40,1/48,1/56 for a non-dimensional total time T = 6. The
resulting contact point velocity in each time step is plotted as a function of time in
Figure 10. The period of the oscillations corresponds to the time it takes for the
contact line to pass one grid cell. At time t = T we measure the relative error in
the contact point position compared to the correct position UT for the different grid
sizes. In Figure 11 it can be seen that grid convergence is obtained with a rate
of convergence p ≈ 2. In Figure 11 it can be seen that the grid size h = 1/24 is
probably not capable of resolving the velocity boundary function enough, since the
rate of convergence is higher for the smaller grid sizes.
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Figure 10: Resulting contact point velocity for the first model problem.
10−2 10−1
10−3
10−2
10−1
h
er
ro
r
Error in contact point position at T=6
 
 
dt=0.01
2nd order reference curve
1st order reference curve
Figure 11: Error in contact point position at T = 6 for the first model problem.
5.2 Flat Fluid Interface Coupled to Navier–Stokes Equa-
tions
In next step, advection of an interface having a constant flat shape is still studied,
but with the underlying velocity field coming from the Navier–Stokes solution, i.e.
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all equations in Section 2 are solved for. The wall contact angle of the flat interface
is taken to be φ = 140 and we hypothetically relate this angle to a contact point
velocity of U = 0.02. Again, we choose δ = 0.05 and we find an upper limit of
the spatial grid size h to be 1/24. The resulting velocity boundary function for the
second test problem is showed in Figure 12.
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Figure 12: Velocity boundary function at δ = 0.05 for the first test problem: φ = 140,
U = 0.02, Q = 1.
Simulations with the different grid sizes are performed and the resulting velocity
field at T = 6 for the grid size h = 1/56 is plotted in Figure 13. Since the curvature
of the interface is zero, the surface tension force in the Navier–Stokes equations is
zero and the velocity field is therefore not affected by the interface. Further, the flat
fluid interface is not realistic why we use a circular fluid interface shape in the third
and final test problem.
Figure 13: Resulting velocity field for the second test problem: φ = 140, U = 0.02, Q = 1.
However, the second model problem is used for studying the the grid convergence
of the contact line boundary conditions in the Navier–Stokes equations. So, at time
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t = T we measure the relative error in the contact point position compared to the
correct position UT for the different grid sizes and the result is shown in Figure 14.
Again, it can be seen that grid convergence is obtained with a rate of convergence
p ≈ 2.
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Figure 14: Error in contact point position at T = 6 for the second model problem.
5.3 Circular Fluid Interface Coupled to Navier–Stokes Equa-
tions
In the third and final model problem, the interface shape is assumed to be in the
shape of a circular arc throughout the simulation. The Navier–Stokes part is again
included. A circular interface shape is realistic for example when a liquid is rising
in a narrow tube (capillary rise). For the third model problem we perform two set
of simulations. In the first set the wall contact angle is φ = 140 and in the second
the angle is φ = 170. Again we hypothetically relate these angles to a contact point
velocity of U = 0.02. Just as before, we choose δ = 0.05. The resulting velocity
boundary function for the third test problem with contact angle φ = 140 is the same
as for the second model problem. The velocity boundary function for φ = 170 is
given in Figure 15.
All grid sizes, except h = 1/24 for the case with a contact angle φ = 170, are
used and the resulting velocity fields at T = 6 for the grid size h = 1/56 is plotted in
Figure 16. It can be seen that away from the interface the flow profile is a regular
poiseuille profile with zero velocity at the boundary. Close to the interface and the
contact line however, the velocity is non-zero at the wall due to the velocity boundary
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Figure 15: Velocity boundary function at δ = 0.05 for the third test problem where φ = 170,
U = 0.02, Q = 1.
condition. For this test problem (as opposed to the second test problem), it is clear
that the fluid interface also effects the velocity field (via the surface tension).
Figure 16: Resulting velocity fields for the third test problem: φ = 140 (upper) and φ = 170
(lower), U = 0.02, Q = 1.
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The resulting contact point velocity in each time step is plotted as a function of
time in Figure 17 and in Figure 18. It can be seen that grid convergence is again
obtained with a rate of convergence p ≈ 2 for the case where φ = 140 and with rate
of convergence p > 2 for the case where φ = 170. The analytical model in Section
3.1 is valid for contact angles 0 < φ < 180, but the case where φ = 170 approaches
the upper limit. This can be seen in that the errors are larger for that case than for
φ = 140, for all grid sizes except h = 1/56. The high rate of convergence for the
case with the larger contact angle is probably due to that the courser grids are not
capable of resolving the problem well enough.
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Figure 17: Resulting contact point velocities for the third model problem, φ = 140 (left)
and φ = 170 (right).
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Figure 18: Error in contact point position at T = 6 for the third model problem, φ = 140
(left) and φ = 170 (right).
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6 Summary and Conclusions
We present the first steps in constructing macroscopic velocity boundary conditions
to impose a contact point velocity. The contact point velocity is assumed to be given
as a result from microscopic models. The idea is based on introducing an intermediate
scale where the creeping flow approximation is valid. This approximation is used to
derive macroscopic velocity boundary conditions along a fictitious boundary, located
a small distance inside the physical boundary.
Model problems where the shape of the interface is constant thought the simu-
lation are introduced. For these problems, experiments show that the errors in the
resulting contact line velocities converge with the grid size h at a rate of convergence
p ≈ 2. The result is sensitive to contact angles approaching the limit of φ = 0 or
φ = 180, and for such cases a smaller grid size is needed to properly resolve the prob-
lem. Further, for an accurate implementation of the velocity boundary condition, it
is important to accurately evaluate the contact line position in each time step. Here
we use cubic interpolation.
To be able to simulate problems with dynamic interface shapes, the model needs
to be extended with a reinitialization of the level set function that preserves the
contact line position (see Section 2.2). One possible approach is to implement the
reinitialization developed in [36] where a penalty term is introduced to preserve the
interface shape.
Further, to improve the model an approach where the computational boundary
is modified only close to the contact line should be considered. Also, curved solid
boundaries should be taken into account.
23
References
[1] Y. Sui, H. Ding, and P. D. Spelt, “Numerical simulations of flows with moving
contact lines,” Annual Review of Fluid Mechanics, vol. 46, no. 1, pp. 97–119,
2014.
[2] S. Zahedi, K. Gustavsson, and G. Kreiss, “A conservative level set method for
contact line dynamics,” Journal of Computational Physics, vol. 228, no. 17,
pp. 6361 – 6375, 2009.
[3] G. D. Rocca and G. Blanquart, “Level set reinitialization at a contact line,”
Journal of Computational Physics, vol. 265, pp. 34 – 49, 2014.
[4] P. G. de Gennes, “Wetting: statics and dynamics,” Rev. Mod. Phys., vol. 57,
pp. 827–863, Jul 1985.
[5] K. Yokoi, D. Vadillo, J. Hinch, and I. Hutchings, “Numerical studies of the
influence of the dynamic contact angle on a droplet impacting on a dry surface,”
Physics of Fluids, vol. 21, no. 7, pp. –, 2009.
[6] D. Bonn, J. Eggers, J. Indekeu, J. Meunier, and E. Rolley, “Wetting and spread-
ing,” Rev. Mod. Phys., vol. 81, pp. 739–805, May 2009.
[7] A. J. B. Milne and A. Amirfazli, “Drop shedding by shear flow for hydrophilic to
superhydrophobic surfaces,” Langmuir, vol. 25, no. 24, pp. 14155–14164, 2009.
PMID: 19685896.
[8] M. Kronbichler, Computational Techniques for Coupled Flow-Transport Prob-
lems. PhD thesis, Uppsala University, Division of Scientific Computing, Numer-
ical Analysis, 2011.
[9] L. R. Volpatti and A. K. Yetisen, “Commercialization of microfluidic devices,”
Trends in Biotechnology, vol. 32, no. 7, pp. 347 – 350, 2014.
[10] C. HUH and L.E.SCRIVEN, “Hydrodynamic model of steady movement of a
solid/ liquid/ fluid contact lin,” Journal of Colloid and Intarface Science, vol. 35,
January 1971.
[11] E. B. Dussan V. and S. H. Davis, “On the motion of a fluid-fluid interface along
a solid surface,” Journal of Fluid Mechanics, vol. 65, pp. 71–95, 8 1974.
24
[12] J. Koplik, J. Banavar, and J. Willemsen, “Molecular dynamics of fluid flow at
solid surfaces,” in Microscopic Simulations of Complex Flows (M. Mareschal,
ed.), vol. 236 of NATO ASI Series, pp. 99–128, Springer US, 1990.
[13] X.-P. W. Tiezheng Qian and P. Sheng, “Molecular hydrodynamics of the moving
contact line in two-phase immiscible flows,” Communications in Computational
Physics, vol. 1, February 2006.
[14] L. M. Hocking, “A moving fluid interface. part 2. the removal of the force sin-
gularity by a slip flow,” Journal of Fluid Mechanics, vol. 79, pp. 209–229, 2
1977.
[15] P. D. Spelt, “A level-set approach for simulations of flows with multiple moving
contact lines with hysteresis,” Journal of Computational Physics, vol. 207, no. 2,
pp. 389 – 404, 2005.
[16] P. Sheng and M. Zhou, “Immiscible-fluid displacement: Contact-line dynamics
and the velocity-dependent capillary pressure,” Phys. Rev. A, vol. 45, pp. 5694–
5708, Apr 1992.
[17] W. Ren and W. E, “Boundary conditions for the moving contact line problem,”
Physics of Fluids, vol. 19, no. 2, pp. –, 2007.
[18] W. Ren, D. Hu, and W. E, “Continuum models for the contact line problem,”
Physics of Fluids, vol. 22, no. 10, pp. –, 2010.
[19] M. Kronbichler, C. Walker, and G. Kreiss, “Microscale enhancement of
macroscale modeling for capillary-driven contact line dynamics..”.
[20] E. B. Dussan V., “The moving contact line: the slip boundary condition,” Jour-
nal of Fluid Mechanics, vol. 77, pp. 665–684, 10 1976.
[21] M. Renardy, Y. Renardy, and J. Li, “Numerical simulation of moving con-
tact line problems using a volume-of-fluid method,” Journal of Computational
Physics, vol. 171, no. 1, pp. 243 – 263, 2001.
[22] H. Liu, S. Krishnan, S. Marella, and H. Udaykumar, “Sharp interface cartesian
grid method ii: A technique for simulating droplet interactions with surfaces of
arbitrary shape,” Journal of Computational Physics, vol. 210, no. 1, pp. 32–54,
2005.
25
[23] S. Afkhami, S. Zaleski, and M. Bussmann, “A mesh-dependent model for apply-
ing dynamic contact angles to {VOF} simulations,” Journal of Computational
Physics, vol. 228, no. 15, pp. 5370 – 5389, 2009.
[24] A.-K. T. L. af Klinteberg, D. Lindbo, “An explicit eulerian method for multi-
phase flow with contact line dynamics and insoluble surfactant..”.
[25] J. Eggers, “Contact line motion for partially wetting fluids,” Physical Review E,
vol. 72, no. 6, p. 061605, 2005.
[26] S. Osher and J. A. Sethian, “Fronts propagating with curvature-dependent
speed: Algorithms based on hamilton-jacobi formulations,” Journal of Com-
putational Physics, vol. 79, no. 1, pp. 12 – 49, 1988.
[27] E. Olsson, G. Kreiss, and S. Zahedi, “A conservative level set method for two
phase flow ii,” J. Comput. Phys., vol. 225, pp. 785–807, July 2007.
[28] M. Kronbichler, A. Diagne, and H. Holmgren, “A fast massively parallel two-
phase flow solver for the simulation of microfluidic chips.”.
[29] W. Bangerth, R. Hartmann, and G. Kanschat, “Deal.ii&mdash;a general-
purpose object-oriented finite element library,” ACM Trans. Math. Softw.,
vol. 33, Aug. 2007.
[30] W. Bangerth, T. Heister, L. Heltai, G. Kanschat, M. Kronbichler, M. Maier,
B. Turcksin, and T. D. Young, “The deal.II library, version 8.2,” Archive of
Numerical Software, vol. 3, 2015.
[31] V. Girault and P.-A. Raviart, Finite Element Methods for Navier-Stokes Equa-
tions. Theory and Algorithms. Springer-Verlag, New York, 1986.
[32] Y. Saad, Iterative Methods for Sparse Linear Systems. Philadelphia: SIAM,
second ed., 2003.
[33] H. Elman, D. Silvester, and A. Wathen, Finite Elements and Fast Iterative
Solvers with Applications in Incompressible Fluid Dynamics. Oxford: Oxford
Science Publications, 2005.
[34] K. Kormann and M. Kronbichler, “Parallel finite element operator applica-
tion: Graph partitioning and coloring,” in Proc. 7th IEEE Int. Conf. eScience,
pp. 332–339, 2011.
26
[35] M. Kronbichler and K. Kormann, “A generic interface for parallel finite element
operator application,” Comput. Fluids, vol. 63, pp. 135–147, 2012.
[36] C. Basting and D. Kuzmin, “A minimization-based finite element formulation
for interface-preserving level set reinitialization.,” Computing, vol. 95, pp. 13 –
25, 2013.
27
